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Abstract. Systems that include multiple decision rules are encountered in many ®elds. We focus on systems with
several states or levels where the rules determining when and how to move between the levels are based on runs or
scans. Our target is to evaluate the proportion of time spent at each level. This information is valuable since it is
required for constructing various cost functions. In this paper we address two questions: How to incorporate the
system of levels and decision rules into a probabilistic setting and which measures to use in order to evaluate the
proportion of time spent at each level. We take a waiting-time approach, and use special features of runs and scans
distributions in order to investigate long and short-term measures of the time spent at the different levels of a
system. We introduce a short term per-cycle measure and compare it with the ®nite-time measure. We ®nd that the
two measures can differ signi®cantly.
Keywords: runs and scans, short-term ratio, generating function, random number generation

1.

Introduction

In this paper we deal with systems that have several levels or states, and which are
governed by switching rules that are based on runs and scans. Two examples of such
systems are continuous sampling plans (Dodge, 1943) and the Military Standard 105E
acceptance sampling scheme (and its civilian counterpart ANSI/ASQC Z1.4). These
systems include several levels of sampling, and switching between the different levels is
governed by rules of the type ``switch following 10 consecutive accepted batches''.
When such systems of decisions are used in practice, the proportion of time spent at
each level is an important feature which is used to construct various cost functions. We
thus investigate the distribution of the proportion of time spent at each level.
We take a waiting-time approach meaning that we treat the time spent at a certain level
of the system until switching to another level as a random variable. When the system is
circular, i.e., each level leads only to the next level, we can use existing methods from
waiting-time distributions that are based on runs and scans. A more complicated situation
arises for systems that are not circular. Here each level may lead to more than one other
level, thereby creating a compound decision rule. For example: ``switch to level 1 if event
A1 occurs or to level 2 if event A2 occurs''. The resulting waiting time is thus of the
``sooner or later'' form. We show how a waiting-time approach can be taken for circular
and non-circular systems using generating functions in Section 2.
Section 3 describes several measures for the time spent at each level. One option is to
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use long-term proportions, such as the ratio of the expected time spent at a certain level
divided by the sum of expected times under all levels. This measure is used in several
applications and is relatively easy to compute. However, since waiting time distributions
that are based on runs and scans are usually very skewed, such a measure might be
uninformative. This means that although in the long run the ratio gives the probability of
being at a certain level, the short term picture might differ greatly.
A second option is to look at short-term measures. We consider two such measures: The
®rst is the per-cycle ratio, which is the proportion of time spent at a level within a single
``cycle''. The second short-term measure is the proportion of time spent at a level within a
®nite time-frame. Although the two measures seem similar, we ®nd that the distributions
of per-cycle ratios are highly skewed, while the ®nite-time proportions approach a normal
distribution.
In all cases we take a generating function approach to compute the waiting times, and
then use special features of runs and scans distributions to generate waiting time
realizations ef®ciently.
We illustrate our method in Section 4 for the continuous sampling plan CSP-1. We
compute the long-term and two short-term measures and compare the information
contained in each. Concluding remarks are given in Section 5.
2.
2.1

Distribution of the Waiting Time at Each Level
Circular Systems

We ®rst deal with systems that are circular, in the sense that each level leads to a single
other level. Systems with two levels that are connected are in de®nition circular. Two
examples for circular systems are the CSP-1 and CSP-2 continuous sampling plans
(Dodge, 1943). Each of these systems include two levels of inspection called screening
and sampling. The switching rule from screening to sampling is the same in both systems,
and it is based on a run of length i. Switching from sampling back to screening is governed
by a scan for CSP-2. Figure 1 describes the two systems with their levels and switching
rules. These systems are discussed further in Section 4. In both cases the systems are
circular.

Figure 1. CSP-1 and CSP-2 circular systems for continuous sampling.
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In the case of circular systems the waiting time distribution in each level is an ordinary
runs or scans related distribution. The waiting time for a run of length k is known as an
order k geometric variable, and that for at least k events within d consecutive trials is
known as a consecutive k-within-d variable. The probability functions of such variables
can be obtained by using methods such as Markov Chain imbedding (Fu and Koutras,
1994) or the generating function method (Aki, 1992; Chryssaphinou et al., 1994; Feller,
1968; Shmueli and Cohen, 2000). Both methods will yield a recursive formula for the
probability function, and the generating function method can also yield a non-recursive
formula by using partial fraction expansion.

2.2.

Non-Circular Systems

In non-circular systems the levels are not inter-connected in a one-way circle by the
decision rules. This means that there is at least one level that can shift to two or more other
levels with a positive probability. An example for such a system is the set of switching
rules between three types of sampling according to the Military Standard 105E scheme. As
illustrated in Figure 2, there are three inspection levels: normal, reduced, and tightened
inspection. The rules that determine when to shift from one level to the other are based on
runs and scans. This system is not circular since it is possible to move from normal
inspection to either reduced or tightened inspection. In comparison, the continuous
sampling schemes that were described in the previous section were circular, since each
state could only be followed by one other state.
We take the same approach as in circular systems, using the generating functions of the
waiting time distributions. The only modi®cation that is necessary is to treat the waiting
time from a level that leads to more than one other level (e.g., the normal inspection level
in Military Standard 105E) as a competition between two variables, also known as a
``sooner or later'' problem. To illustrate this, consider the rules in the Military Standard
105E system:
1. The rule for switching from reduced to normal inspection involves a single rejected
batch, and thus the waiting time is a geometric variable.

Figure 2. The Military Standard 105E system of rules for acceptance sampling.
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2. The rule for switching from tightened to normal inspection involves a run of ®ve
accepted batches. The waiting time is thus an order ®ve geometric variable.
3. The rules for switching from normal to reduced and tightened inspection involve a
run and a scan. The waiting time in normal inspection until switching to either
reduced or tightened inspection is thus a competition between an order 10 geometric
variable and a consecutive-2-within-5 variable.
For the last rule, the generating function for the waiting time within normal inspection is
given by
Gnormal s 

1

GT s1 GR s
;
1 GT sGR s

1

where GT s; GR s are the generating functions corresponding to the switching rules from
normal to tightened and from normal to reduced inspection, respectively. The ®rst is the
pgf of a 2-within-5 variable with parameter equal to the probability of rejecting a lot
(under normal inspection), and the second is the pgf of a 10-order geometric with
parameter equal to the probability of accepting a lot (under normal inspection). A
recursive formula for the probability function that is obtained from (1) is given in Shmueli
and Cohen (2000).

3.

The Proportion of Time Spent at Each Level

We now tackle the problem of describing a system with runs- and scans-based switching
rules by the proportion of time spent at each of the different levels. Denote the time spent
at level i by Xi. This waiting time can be computed using any of the methods described in
Section 2. In many applications it is required to know about the proportion of time spent at
each of the system's levels. The most commonly used and published measures are ratios of
waiting-time expectations of the form
E X
P i ;
j E Xj 

2

which give the long-term proportion of time spent at level i. This is equivalent to
computing the steady-state probabilities of a Markov chain. However, since the waiting
time distributions of runs and scans variables tend to be very skewed, the ratio of
expectations might differ signi®cantly from the proportion of time spent at the system
levels in the short run. We therefore investigate two short-term measures of the proportion
of time spent at the different levels:
1. Per-cycle ratios of the form
X
pcyc
Pi ;
i
i Xi
where Xi are independent runs/scans-related waiting times.

M10782 Kluwer Academic Publishers

Methodology and Computing in Applied Probability (MCAP)

Tradespools, Frome, Somerset

3B2 Version 6.05e/W (Mar 29 1999)

{Kluwer}Mcap/Mcap4_4/118753/5118753.3d

Date: 20/2/03

Time 08:39am

SYSTEM-WIDE PROBABILITIES FOR SYSTEMS WITH RUNS AND SCANS RULES

Page 413 of 419

413

2. Short-run proportions of the form
pNi 

time spent at level i until time N
:
N

The decision which short-term measure to use depends on factors such as the cost-function
and the implementation of the system. From a cost-function perspective, if the major cost
is switching between levels of the system then the per-cycle measure may be more
suitable. If, on the other hand, costs of staying at the different levels are different, then the
®nite-time measure might be preferred. Another factor might be how long the system is
left to run. Whether there is a time limit or a limit on the number of cycles would determine
the adequacy of the short-term measure to be used.
In the previous section we derived the probability functions for the separate Xi variables
and their sum. However, these probability functions are given either recursively or
expressed as a function of roots of a polynomial, thus not enabling one to ®nd the
distribution of the per-cycle or short-run ratios directly. We suggest two solutions, one
analytical and one computational for obtaining the probability functions of the above
ratios.

3.1.

A Theoretical Solution for Per-Cycle Proportions

cyc
From a theoretical point of view, the distribution
P of the ratios pi can be computed by
using conditional probabilities. Denoting S  i Xi ,
X
P pcyc
 t 
P pcyc
 t j S  sP S  s
3
i
i
s



X
s

P Xi  tsP S  s:

4

Although the distribution of Xi and S can be computed directly, this formula is not useful
for practical purposes since S usually obtains an in®nite number of values.
For computing the short-run distribution, a Markov chain can be used. McShane and
Turnbull (1991) used a Markov chain setting to compute the short run expectation and
variance for the CSP-1 inspection scheme (see Section 4), and then used a normal
approximation. However, the required transition matrix might become very large, and thus
prove to be computationally impractical (Yang, 1983).

3.2.

A Computational Solution: Generating Random Data

A practical alternative to using the conditional probability formula or the Markov chain
approach is to generate random values from the waiting time distributions Xi , and to use
them for creating realizations from the per-cycle or short-run ratios' distributions.
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Generating values from any run-related or scan-related distribution PT t can be done
using the general inversion algorithm:
1. Generate a uniform 0; 1 variate u.
2. Add the probabilities P T  1  P T  2     until the sum exceeds u for the
®rst time.
3. The largest value summed before exceeding u is the required generated value.
The ef®ciency of the inversion method depends on the parameters of the runs or scans
distribution. For example, to generate data from an order k geometric distribution with
probability p of success, the general inversion algorithm is very ef®cient when p is large
because the distribution will be concentrated around k with a thin right tail. However, for
small values of p or very large values of k the distribution will have a heavy right tail
thereby causing the computation to take longer.
Next, we propose an alternative method for cases where the inversion method is likely
to be inef®cient. The method takes advantage of special probabilistic features of runs and
scans distribution and thus leads to a more ef®cient generation of random data.
A key feature of order k (i.e., run-related) distributions, which implies an ef®cient
generation algorithm, is that any discrete order k variable can be expressed as a random
sum of i.i.d. k-truncated variables (Charalambides, 1986). For example, an order k
geometric variable X can be expressed as the compound sum
X

N
X
j1

Gj ;

5

where Gj are k-truncated i.i.d. geometric variables with parameter q  1 p, and N is a
geometric variable (independent of Gj ) with parameter pk that counts successes until the
®rst failure:
P Gj  g 

qpg 1
g  1; 2; . . .
1 pk

P N  n  pk 1

6

pk n n  0; 1; . . .

7

To generate a value from X we thus generate a value for N and then generate N values from
G. In both cases the inverse-CDF can be found easily and used for the random number
generation. To generate N:
1. Generate a uniform 0; 1 variate u.
2. The required value is given by dlog u= log 1

pk e.

To generate a value for G:
1. Generate a uniform 0; 1 variate u.
2. The required value is given by dlog 1
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This algorithm is likely to be more ef®cient than the inversion method for small values
of p or large values of k.
Another example is the order k negative binomial variable, which is the waiting time for
the r-th run of length k to occur. Following Charalambides (1986), it can be expressed as in
(5) with N being a truncated negative binomial variable with parameters r and pk .

4.

An Example: Continuous Sampling Plan 1

To illustrate our method we apply it to the continuous sampling scheme CSP-1 which was
described in Section 2.1.
The two waiting times that arise in this system are the number of items inspected under
screening and the number of items inspected under sampling. The former is an order i
geometric variable while the last is an ordinary geometric variable (assuming probability
sampling).
An important performance measure of continuous sampling plans is the operating
characteristic (OC) function, which is the proportion of items produced during sampling
phases. Denote by X the number of items produced during screening, and by Y the number
of items produced during sampling. The traditional de®nition of the OC function is given
by
OC p 

E Y
;
E X  Y

8

where p is the probability of producing a non-conforming item.
Here X is an order i geometric variable with parameter q  1 p, since the number of
produced items is the same as the number of inspected items under screening. Y, the
number of items produced during sampling, is a geometric variable with parameter pf,
where f is the probability of an item being inspected. The two probability generating
functions are given by
GX s 
GY s 

i

qs 1 qs
;
1 s  pqi si  1
1

pfs
:
1 pf s

9
10

The expectations can be derived from these generating functions by differentiation to
obtain the OC function
OCCSP1 p 

1

1
:
f  f =qi

11

Since there are only two levels of inspection the long-run proportion of items produced
under sampling is OC p, and under screening is 1 OC p. This is equivalent to
constructing a Markov chain and computing the steady state probabilities. Previous work
on continuous sampling plans obtained other measures that are based on ratios of

M10782 Kluwer Academic Publishers

Methodology and Computing in Applied Probability (MCAP)

Tradespools, Frome, Somerset

3B2 Version 6.05e/W (Mar 29 1999)

{Kluwer}Mcap/Mcap4_4/118753/5118753.3d

Date: 20/2/03

416

Time 08:39am

Page 416 of 419

SHMUELI

Figure 3. Distribution of Y= X  Y for 100,000 simulated values for a CSP-1 scheme with i  23; f  0:5 and
proportion non-conforming p  0:01.

expectations (e.g., the average fraction of inspected items) through a Markov chain
approach by computing the steady-state probabilities (McShane and Turnbull, 1991).
From a computational point of view, a Markov chain for the CSP-1 scheme requires i  5
states (McShane and Turnbull, 1991), where i ranges between 3 and 17,420 according to
the Military Standard 1235B. For more complicated schemes, such as CSP-2, an even
larger number of states might be required.
The OC function is based on expectations which usually come from highly skewed
distributions. This means that even though the OC tells us about the expected proportion of
time that will be spent in sampling, this proportion might vary widely from the OC value in
the short term.
In order to ®nd the distributions of short-term measures such as the per-cycle OC or the
®nite-time OC, we generate random values from values from PX x and PY y. Generating
values from the latter is straightforward (see Devroye, 1986, pp. 498±501). For the i-order
geometric variable the general inversion algorithm is very ef®cient when q is large (which
is very probable in practice). For small values of q or huge values of i we prefer the more
ef®cient generating algorithm described in Section 3.2.
To illustrate the computational procedure we select a CSP-1 scheme with i  23 and
f  0:5, which yields an AOQL of 1.22% (i.e., the worst average outgoing quality after
applying this scheme will not exceed 1.22% non-conforming items). The screening
waiting time is a 23-order geometric variable with parameter q and the sampling stage
waiting time is a geometric variable with parameter 0.5p. PX x can be calculated through
the website http://iew3.technion.ac.il/sqconline/k_geo.html, which also gives a plot of the
cumulative probability (useful for ®nding quantiles).
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Using the formula in (8) we calculate the long-term measure OC 0:01  0:885. To
learn about the variability around the OC values, we look at the distribution of the two
short-term OC measures. For the per-cycle OC, we simulate the distribution of
Y=X  Y by generating 100,000 values for X and Y as described above. Figure 4
displays the distribution of the simulated values Y= X  Y for p  0:01. The
distribution is very skewed to the left, thus making the value of OC 0:01  0:885 not
very informative.
For the ®nite time OC, 1,000 values were generated for X and Y until time
N  100; 500; 1,000, and 5,000. Plots of the simulated distributions are given in Figure 4.
It is clear that as N increases the distribution of the short-term measure OCN becomes more
normal. The proportion of time spent in sampling is the sum of the proportions within each
cycle (including the last partial cycle). The per-cycle proportions are i.i.d. variables and
thus when N is large the ®nite-time OC is a sum of many i.i.d. random variables, which
reaches a normal distribution.

Figure 4. Distribution of the proportion of time spent in sampling within N  100; 500; 1,000, and 5,000
produced items, for a CSP-1 scheme with i  23; f  0:5 and proportion non-conforming p  0:01.
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Another feature which is clearly seen in Figure 4 is the spikes at certain values. These
spikes occur due to the speci®c setting of the selected CSP-1 scheme. Since we selected
i  23 and 1 p  0:99, and the scheme starts with the screening phase, there is a very
large chance that the screening stage will end right after the ®rst 23 screened items.
Therefore, when N  100 the most likely scenarios are one or two screening phases, each
consisting of X  23 which lead to the two spikes at 1 23=100 and 1 46=100. The
same argument explains the spikes for N  500 at 1 23=500; 1 46=500;
1 69=500; . . . ; etc. The ®gure also gives a sense of the number of cycles that one
should expect to see when applying the CSP-1 scheme with this setting. It remains to
investigate the exact distribution of the number of cycles within a ®nite number of
produced items (i.e., ®nite time).

5.

Concluding Remarks

In multi-level systems a major interest is to evaluate the proportion of time spent at each of
the levels. In this paper we investigate and compare long and short term measures for the
ratios of time spent at each level of the system. In particular, we deal with systems where
switching between the levels is governed by runs and scans rules. In such cases the
distributions of the waiting times in the different levels tend to be highly skewed. The long
term measure for the proportion of time spent at a certain level is the ratio of expectations
of waiting times, and can thus be insuf®cient in describing the variability in the short term.
The two short term measures discussed here, namely, the per-cycle ratio and the ®nite-time
ratio, give more information about the distribution of time spent at each of the system's
levels. Although both are short-term measures and are related, their distributions can differ
signi®cantly, as illustrated for the bi-level CSP-1 scheme. In this case the distribution of
the proportion of time spent at the sampling phase is shown to be highly skewed for the
per-cycle ratio, and much more symmetrical for the ®nite-time ratio.
Distributions of runs and scans related waiting times have been investigated and several
methods for deriving them exist in the literature. However, when it comes to functions of
such variable, and in particular to ratios of waiting times, obtaining their distribution is not
straightforward. We suggest to use simulated data for this purpose, taking advantage of
features of runs and scans distributions in order to generate random numbers ef®ciently.
Although this paper deals with i.i.d. waiting times, the results can be carried over to the
Markov-dependent case. The waiting time distributions that arise in the context of the
circular and non-circular systems can be calculated using the generating function method
(e.g., Aki, 1992; Shmueli, 2002) or Markov-Chain embedding (Balakrishnan and Koutras,
2002, pp. 46±48; Fu and Koutras, 1994). For purposes of simulation the inversion method
can always be used once the waiting time distribution is speci®ed. For k-order i.i.d.
variables we showed how the random sum representation can be used for more ef®cient
generation in some cases. It remains open to ®nd similar representations for scans-related
i.i.d. waiting times and for the Markov-dependent case.
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