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Computing Consecutive-Type Reliabilities
Non-Recursively
Galit Shmueli

Abstract—The reliability of consecutive-type systems has been
approached from various angles. A new method is presented for
deriving exact expressions for the generating functions and the reliabilities of various consecutive-type systems. This method, based
on Feller’s run theory, is easy to implement, and leads to both recursive and nonrecursive formulas for the reliability. The nonrecursive expression is especially advantageous for systems with numerous components. In comparison to the (number of components) computations that the recursive formulas require, the nonrecursive formula only requires the computation of the roots of a
polynomial of order . The method is extended for computing generating functions and reliabilities of systems with multi-state components as well as systems with -dependent components.
Index Terms—Consecutive system, nonrecursive reliability, partial fraction expansion, recurrence relation, system reliability.
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1The

singular and plural of an acronym are always spelled the same.

I. INTRODUCTION

C

ONSECUTIVE- -out-of- and similar systems usually
have a higher reliability than series systems, and are less
expensive than parallel systems [2].
Within the consecutive-type family, consider the reliability
of a system with linearly-arranged components, which are
. Usually, the breakdown of the system is
labeled
reached by progressive transitions through several levels of deterioration [9]; i.e., components break down successively, until
a critical number, , of failed components causes the system to
fail. Three consecutive-type systems are considered:
—the system fails when
1) Consecutive- -out-ofconsecutive components fail.
—the system fails when
2) -consecutive- -out-ofnonoverlapping groups of consecutive components fail.
—the system fails
3) -within-consecutive- -out-of) components fail within a window of
when (
consecutive components.
These definitions describe the relation between the component failures and the system failure. Methods for evaluating
the reliability, its generating function, and long-run behavior in
such systems, lead to either approximations or exact values. Two
major approaches are: the combinatorial approach [1], [4], and
the Markov chain embedding approach [3], [6], [9]. Reference
[2] gives a comprehensive review. In all cases, the reliability expression is recursive in .
This paper introduces a new method for computing the exact
reliability (and its generating function) for systems with on/off
or multiple-outcome components. This method leads to both a
recursive and a nonrecursive expression for the reliability. This
paper illustrates how to obtain a recursive expression for the
reliability, but focuses on the method that leads to a nonrecursive expression, which is especially desirable for systems with
a many components.
Section II describes the method, and uses it to derive expressions for the reliability of the 3 consecutive-type systems defined in this section.
Section III applies this method to systems that have components that do not exhibit a simple on/off behavior, but have multiple outcomes. Thus, each component can be in one of states
). Consider the 2 cases where either the states are ordered
(
(e.g., gradual degradation), or are mutually exclusive (e.g., dif, the results reduce to the
ferent types of failure). When
ordinary on/off component structure.
Some properties of consecutive-type systems with multi-state
components exist in the literature: mean values and bounds for
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consecutive- -out-of- systems with ordered multi-state components [8]. In [7] the Markov-chain embedding method is used
for computing probabilities that are associated with multi-state
and to
trials, which are related to consecutive- -out-of-consecutive- -out-ofsystems.
Section IV addresses systems with -dependent components.
Section V presents some computational aspects of the method
in Section IV.
II. A NEW METHOD FOR OBTAINING THE RELIABILITY OF
CONSECUTIVE-TYPE SYSTEMS
This method, based on Feller’s theory for runs [5], has 5 steps,
which lead to the reliability probability and generating functions:
Specify all the component-patterns that cause the
system to fail, e.g., in a simple series system, the pattern that
causes the entire system to fail is failure of 1 component.
Write a recursive relation for the probability that
each pattern is completed on component . To write this type
of relation, place the failure-causing component-pattern so that
it ends on component . For example, let the failure-causing pat, then place it on components
to .
tern be:
.
The probability of this event is
Given this placement, check which component could possibly
complete a failure pattern; obviously, component does. The
other possibilities are:
completes a failure-causing pat• Sub-pattern
, followed by
;
tern on component
completes a failure-causing pat• Sub-pattern
, followed by
;
tern on component
..
.
completes a failure causing pattern on
• Sub-pattern
, followed by
.
component
Thus the probabilities of all these exclusive events are added
to obtain:

(1)
This type of equation can be written explicitly in the recursive
form:

(the generating function of ), for each
).
Solve the set of linear equations to obtain
;
, by using (3)
then combine the solutions to get
pattern (

(3)
number of distinct failure-causing patterns.
In some cases the reliability is the probability that a specific
times within compopattern does not occur more than
nents.The generating function in such cases is closely related
of the pattern in
to that of the waiting time for occurrence
an infinite series of Bernoulli trials. In particular, the reliability
of the pattern is after
equals the probability that occurrence
trials.
now be the waiting time for occurrence
of the
Let
. The relation bepattern, and let its generating function be
tween the generating functions of the reliability and the waiting
time is [5, p. 256]:
(4)
This relation is used for systems such as the -consecutive- out-of- system.
The procedure in steps 1–4 leads to generating functions of
the special form: rational functions. In many cases this ratio of
polynomials is very complicated, and the ordinary way of obtaining the reliability by differentiation is laborious. One alternative is to use a combinatorial method [11] that leads to a recursive formula for the reliability. However, a recursive expression
means that computing the reliability of a system with components involves computing all the reliabilities of similar systems
components. A different technique is sugwith
gested here, that is suitable for rational functions and leads to a
nonrecursive expression for the system reliability:
Expand the rational generating function into partial
fractions [5].
This method is especially advantageous for systems with
many components, because it involves fewer computations.
The partial fraction expansion method is: The generating function is expressed as a ratio of polynomials
, that do not have common roots. Next, the
ratio is expanded into partial fractions:
(5)

(2)
and can be interpreted as:
is completed on
The probability that the pattern
trial equals the probability:
and ends on component
that it begins on component
, minus the probabilities that the sub-pattern
completes a failure-causing pattern followed by
,
completes a
that the sub-pattern
,
failure-causing pattern followed by
etc.
Multiply each equation by and sum over to .

are the distinct roots of
, each of multiplicity
are functions of the roots.
Using an adequate infinite geometric series, then

,

(6)
is the required reliability, and is a function of and
(for
more details, see [10]). The partial fraction expansion method,
proposed by Feller for rational generating function, did not
lead to exact probabilities because of computational difficulty.
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However, now many standard software packages (e.g., Matlab,
Maple, and Mathematica) have a partial fraction expansion
procedure, which yields very accurate numerical reliabilities
for the above roots and the constants. These advances are used
to make Feller’s theoretical method practical.
The following subsections apply this method to several consecutive-type systems and obtain an expression for their reliabilities and generating functions.
A. Consecutive- -out-of-
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a partial fraction procedure that exists in many standard software
packages.
B.

-Consecutive- -out-of-

Systems

The reliability is derived through the relation to the waiting
of consecutive failed components in
time for the pattern
an infinite series of Bernoulli trials; for more details, see the
Appendix. The generating function is:

Systems

systems, the component-patIn consecutive- -out-oftern that causes the system to fail is a sequence of failures:

The probability that this pattern is completed on component
is: (
). A recurrence relation for is [5]

(12)
Because it is still a rational function, the reliability can be obtained using 1 of the 2 methods in this Section II-B. In this case
it is easier to obtain a nonrecursive formula, because the roots
of the denominator are 1 and the same roots as the consecucase (except now, they are of multiplicity
tive- -out-of); and the generating function is expanded into an expression
of the form in (5), and the reliability is then:

(7)
(7) can be interpreted as: the probability that the pattern of
consecutive failures is completed on component
(it was not
components) equals
minus
completed in the previous
the probabilities that the same pattern was completed on comfollowed by a failed component, or completed on
ponent
followed by 2 failed components, etc.
component
, the generating function of , multiply by
To obtain
and sum from 0 to . The reliability generating function is
then:
(8)
(8) can be manipulated slightly to reach the expression for the
generating function in [9].
A recursive formula for the reliability (as a function of )
is then obtained directly, because the generating function is rational [11]. In this case:

(13)
are the distinct roots described in Section II-A
where
and
that are common
(disregarding the two roots
to the numerator and denominator and thus have zero coeffiare functions of the roots. As in the consecucients), and
tive- -out-of- case, a practical method for computing (13) is
by using a built-in partial fraction expansion procedure in a standard software package.
C. -Within-Consecutive- -out-of-

Systems

The component-types that cause the system to fail infailed components within a
clude all the possibilities of
consecutive components. For simplicity, the
window of
and
(2 failed commethod is illustrated with
consecutive components).
ponents within a window of
patterns that cause the system to fail:
There are
. Recurrence relations
for the probabilities are:

(9)
To obtain a nonrecursive formula, which is especially advantageous for systems with many components, use partial fraction
expansion. Expanding (8) leads to:
(10)
are the distinct roots of the polynomial
with the additional root
; and

..

.

(14)
(11)

is common to the numerator & denomthe root
inator in (8), and thus has a zero coefficient and does not con. In practice,
can be computed directly by using
tribute to

The first of these equations (14) gives the probability that the
is completed on component
. This equals the
pattern
and components are failed, minus
probability of that the
completes
the probability that the failed component
failure-causing patterns, followed by the failed
any of the
component . The other equations can be interpreted similarly.

370

IEEE TRANSACTIONS ON RELIABILITY, VOL. 52, NO. 3, SEPTEMBER 2003

To find the generating functions of

, defined as:
(15)

multiply the equations in (14) by , and then sum to infinity.
equations and equating the left and right
Summing the
sides leads to:

(16)
Rearranging (16) and using (3) gives the reliability generating
function:

(17)
A nonrecursive expression can be computed using a partial-fraction expansion software procedure.
This general method can be applied to any value of . For
, it involves the solution of a linear
the popular case,
. For small to moderate values
equation system of rank
of , this can be done symbolically, using a symbolic software
, and for
package (e.g., Maple or Mathematica). For
large values of and , the numerical value of should be put
into the equations, and the system solved numerically.

This section deals with 2 types of relations between the possible component states:
1) Exclusive states, where each component can be in 1 state
only.
2) Inclusive, gradual states; each state is included in the next
state.
For simplicity, the application of this method is illustrated
with a system with 3-state components.
the component is on
the component fails by type I failure
the component fails by type II failure.
A. Exclusive Types of Failures
A simple example is a system with 3-state components, where
the temperature of the components can vary. Within a certain
temperature range, the component is operational (state 1), while
above or below that range, the component fails. In this case a
component can either fail because it is below the required temperature (state 2), or because it is above the required temperature
(state 3). The states are therefore mutually exclusive. Consider a
consecutive- -out-of- system with mutually exclusive 3-state
conseccomponents. Here the system fails when there exist
failed components of
utive failed components of type I, or
type II. Each component can either be operational ( ), failed by
type I ( ) or failed by type II ( ). The probabilities of type I
and II failures are and , respectively. The probability of an
.
operational component is then
For this system, the 2 distinct component-patterns that cause
system failure are

Following steps 2–4, the reliability generating function is:
D. Deriving the Reliability for General Failure Patterns
The method described in the beginning of this section can be
applied to any type of failure pattern/s, which cause a system to
ocfail. For example, for a system that fails if the pattern
curs, the probability that the pattern is completed on component
( ) equals the probability that components
and
are failed and components
and are operative (
)
on components
minus the probability that the sub-pattern
completes an
pattern, followed by
on
and . This can all be written as:
components
(18)
Using the generating function of , the reliability generating
function can be obtained from (3), and an expression for the
reliability thus derived.
III. RELIABILITY

OF SYSTEMS WITH
COMPONENTS

MULTI-STATE

The method in this paper can be used to obtain the reliability of systems with multi-state components. The only difference from the binary case (each component is either on or off)
is in specifying the component-patterns that lead to the system
failure (step 1).

(19)
A nonrecursive calculation of the system reliability, based on expanding (19) into partial fractions can be obtained via a simple
computer program.
This method is general and can be applied to various consecutive-type systems, with components that can have any fixed
number of mutually exclusive states.
B. Gradual Degradation
A simple example for this type of system is: each component
can be perfectly operative ( ), have a minor failure ( ), or a
major failure ( ). Each of these 3 states is considered to be
inclusive of the previous state, i.e., the degree of the failure is
gradual, from nonexistent to totally failed with a medium in-between state.
Let the system fail, following a run of type II (major) failed
components, or a run of failed components of either type I or
II (major/minor). In many cases it makes sense to assume that
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. For example, a system with
and
fails
),
iff it consists of 2 successive major-failed components (
or 3 consecutive failed components of any type:
,
,
, or
.
are excluded from the
Combinations such as
second set. Because these 5 patterns are mutually exclusive,
step 1 is completed. Following steps 2, 3, 4 lead to the generating function and reliability of this system.
IV. DEPENDENT FAILURES OF COMPONENTS
The 5-step method in Section II can be adapted for cases
where failures of components are -dependent on the state of
preceding components. Except for step 2 (creating the recurrence relations), the rest of the steps remain unchanged. To illustrate how the dependence is incorporated into the recurrence
relations, consider a 1-step Markovian dependence: the failure
.
of component depends on the state of component
be the state of component .
Let
Specify the conditional probability of a failure by
(20)
Specify the unconditional probability of a failure by

For a consecutive- -out-ofsystem, it was shown that the
failure-causing pattern is a sequence of successive failures. In
this case, the recurrence relation for is:
(21)
Following steps 3 and 4 leads to the generating function:
(22)
which can then be expanded to obtain the probability function.
this reduces to the -independent case.
When
The same method can be used for dependence of higher order,
by defining the relevant conditional probabilities and incorporating them into the recurrence relations.
V. COMPUTATIONAL ASPECTS
The 5-step method can lead to both recursive and nonrecursive formulas for the reliability. In comparison with the combinatorial methods which are very inefficient for computation,
even for small systems and short runs, the method in this paper
is easy to implement and computationally efficient. In comparison with the Markov-chain method, [7], [8], using a nonrecursive formula which is based on partial-fraction expansion allows
one to apply it to very large systems at a negligible cost. The
only computational problem that might arise is that of accuracy
of the partial fraction expansion procedure. In such cases, it is
very closely by using only the terms
possible to approximate
in the partial fraction expansion that are based on the smallest
root in absolute value [5, p. 276]. As increases, the contribution of the smallest root in absolute value dominates the reliability. Another possibility is to use the recursive formulas that
can be obtained directly from the generating function [11].
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The method in this paper, like the Markov chain embedding
method, involves 2 major parts: 1) the problem setup, and 2)
obtaining a solution. The Markov chain setup requires specifying the imbedding of the random variable. From [7]: “Often
there are several different ways to imbed a random variable. To
find the best imbedded Markov chain it requires experience and
understanding the structure of the counting process associated
with the random variable.” The setup in this paper (steps 1–2) requires specifying the failure-causing patterns and writing recursive equations. When multi-state components are involved, the
setup can be laborious if done manually. Therefore, they were
incorporated into a computer program which yields the required
equations automatically and efficiently. The time that this part
takes does not depend on (system size).
Computationally, once the transition matrix has been set up
for the Markov chain embedding, obtaining the reliability of a
system with components involves multiplying the matrix with
itself times. The size of the matrix depends on the length of
the longest failure-causing pattern. Whe both the order of the
matrix and are large this can cause memory problems. Fu [7]
suggests, in such cases, using a recursive equation or a Poisson
approximation if the probability of the failure-pattern is very
small.
In this paper, the major computational effort is solving a set
of linear equations symbolically. This set of equations is always
well determined, and its size is a function of the number of
failure-causing patterns (e.g., and and the number of states
the components can be in). It does not, however, depend on ,
the number of components in the system. In cases such as the
and -consecutive- -out-ofconsecutive- -out-ofsystems, the linear equations are independent and thus the solution is very easy to obtain. For the -within-consecutive-out-ofsystems if and are very large, there will be
many failure-patterns, and thus a large set of linear equations to
be solved.
APPENDIX
RELATION BETWEEN WAITING TIMES AND THE
-CONSECUTIVE- -OUT-OF- SYSTEM RELIABILITY
To obtain the reliability generating function for the -consystem, use a shortcut that is based on
secutive- -out-ofthe relations between 2 sets of generating functions.
1. Find the generating function for the waiting time for the
first sequence of consecutive failures in a Bernoulli series
, applying relation (4) to the consecutive- -out-ofreliability generating function
:
(A-1)
Next, relate this generating function to that for the waiting
of consecutive failures in an infinite
time for sequence
. Because the waiting time for
series of Bernoulli trials,
is a convolution of waiting times for the first
sequence
such sequence, the relation between the 2 generating functions
is:
(A-2)
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Finally, the -consecutive- -out-ofreliability is resequence of consecutive
lated to the waiting time for the
failures in Bernoulli trials through (4), thus yielding the expression in (12):

(A-3)
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